We study the rational harmonic mode-locking (RHML) order dependent pulse shortening force and dynamic chirp characteristics of a gain-saturated semiconductor optical amplifier fiber laser (SOAFL) under dark-optical-comb injection, and discuss the competition between modelocking mechanisms in the SOAFL at high-gain and strong optical injection condition at higher RHML orders. The evolutions of spectra, mode-locking and continuous lasing powers by measuring the ratio of DC/pulse amplitude and the pulse shortening force (I pulse /P avg 2 ) are performed to determine the RHML capability of SOAFL. As the rational harmonic order increases up to 20, the spectral linewidth shrinks from 12 to 3 nm, the ratio of DC/pulse amplitude enlarges from 0.025 to 2.4, and the pulse-shortening force reduces from 0.9 to 0.05. At fundamental and highest RHML condition, we characterize the frequency detuning range to realize the mode-locking quality, and measure the dynamic frequency chirp of the RHML-SOAFL to distinguish the linear and nonlinear chirp after dispersion compensation. With increasing RHML order, the pulsewidth is broadened from 4.2 to 26.4 ps with corresponding chirp reducing from 0.7 to 0.2 GHz and linear/nonlinear chirp ratio changes from 4.3 to 1.3, which interprets the high-order chirp becomes dominates at higher RHML orders.
Introduction
Rational harmonic mode-locking is one of the promising methods to generate frequencymultiplied optical pulse-train from fiber ring lasers. In general, RHML can be obtained as the modulation frequency of RF synthesizer is detuned to match the condition which satisfies the equation of f m =(n±1/p)f o , where f m , f 0 , n, p denote the modulation frequency of RF synthesizer, the longitudinal mode spacing in cavity of laser, the HML and RHML orders, respectively. Under RHML operation, the modulation frequency is not equivalent to the cavity round trip frequency f o or its multiples, which is detuned by f o /p (p is an integer number) from the n th harmonic of the RHML regime. In principle, the frequency of RF synthesizer must be detuned very precise to coincide with the RHML frequency of the fiber laser for achieving high-order RHML condition, and the output pulse-train will be repeated at frequency of p*f m . With such an operation, versatile fiber ring laser systems using either the Erbium-doped fiber amplifier (EDFA) or the semiconductor optical amplifier (SOA) as the gain medium were comprehensively investigated. Under high-order RHML operation, the pulse amplitude unequalization and the DC pedestal of pulse becomes significant to degrade the quality of pulses. To overcome these drawbacks, several configurations have been proposed, such as nonlinear polarization rotation (NPR) [1] , SOA fiber loop mirror [2] , dual-drive MachZehnder modulator [3] , and optical feedback [4] based on SOA or EDFA fiber ring laser. For the application of RHML pulse stream, Yang, et al. have shown 10-GHz RHML pulse in a phase-modulated soliton fiber laser and achieved an excellent stabilization performance in a long-term bit-error-rate test [5] . The optical injection induced harmonic mode-locking has emerged as an alternative technique to overcome the traditional limitation on the modulation bandwidth of the SOA contact electrode [6, 7] . Recently, by using a dark-optical-comb as an external injection source, we have also demonstrated the harmonic mode-locked SOAFL with sub-picosecond pulsed output successfully [8] [9] [10] . The dark-optical-comb injection is a temporally and spectrally gain-slicing process for reshaping the gain of SOA, such a unique optical cross-gain modulation scheme overcomes the intrinsic drawback of directly modulated SOA, which limits not only the electrical modulation bandwidth but also the modulation waveform. This would greatly facilitate HML or RHML of the SOAFL system as it usually requires unusual modulation waveform to improve the on/off modulation depth and to reshape the gain-window. In this work, we discuss the physical aspects related to the degradation on mode-locked mechanism of the dark-optical-comb injection mode-locked SOAFL at higher RHML orders. At fundamental and high RHML condition, we characterize the frequency detuning range and pulse shortening force to realize the mode-locking quality. The dynamic frequency chirp of the RHML-SOAFL at fundamental and highest RHML order is characterized to distinguish the linear and nonlinear chirp after dispersion compensation. This helps to understand the competition of RHML and continuous wave (CW) lasing of such a SOAFL at high-gain and strong optical injection mode.
Experimental setup
The SOAFL setup shown in Fig. 1 employs the anti-reflection coated SOA (QPhotonics, QSOA-1550) as gain medium, providing a gain spectrum with linewidth of 30-50 nm centered at 1535 nm. The SOA is highly biased at current of 350 mA with its gain strongly modulated by an external dark-optical-comb injection.
The dark-optical-comb pulse-train is implemented by nonlinearly driving the external Mach-Zehnder intensity modulator (MZM) with an electrical comb generator at 1GHz. The electrical comb seeded with an 40dB-gain amplified, RF synthesized sinusoidal wave is slightly power-attenuated to match the V π of 4.5 V found from the transfer function of the MZM, while the MZM and the tunable laser were set at V DC = 1.8 V and 1555.8 nm, respectively. The dark-optical-comb formed and be connected a set of optical intensity controller, consisting of erbium-doped fiber amplifier (EDFA) and optical attenuator (OTTN), and the suitable injection power of dark-optical-comb is 5 dBm. A polarization controller (PC) was required at the input port of SOA to release its polarization dependent gain difference of 3 dB. By detuning the polarization state and the repetition frequency of the dark-optical-comb for optimized gain-modulation depth and modelocking power, the different RHML condition up to 20th order can be achieved. The Faraday isolator (ISO) is used to ensure the unidirectional propagation and prevent the intra-cavity power dissipation from the injected dark-optical-comb circulated in the SOAFL ring. An output coupler (OC) with power-splitting ratio of 50% is introduced to obtain shortest pulsewidth and pedestal-free RHML pulse-train from SOAFL, and an additional fiber-grating based wavelength-division multiplexing (WDM) filter was used to avoid the regenerative amplification of dark-optical-comb in the SOAFL. The Oscilloscope (Agilent 86100A), dispersion-free auto-correlator (FR-103XL), and optical spectrum analyzer (Advantest Q8384) with resolution bandwidth of 0.01 nm are used to monitor and characterize the mode-locked pulse stream. 
Results and discussions
By optoelectronic converting the RHML-SOAFL pulse with an ultrafast photodetector (New Focus 1014 with f 3dB = 45 GHz), we observed an increasing tendency of the DC level due to the continuous-wave (CW) lasing added on the RHML-SOAFL pulse-train with increasing RHML orders. It is a direct evidence of the degradation on the RHML mechanism of the SOAFL, which leads us to analyze the power of pulse amplitude and DC level at the difference RHML orders. With these data, we therefore can explain if the higher order RHML really produces bad quality of mode locking associated with an extremely large DC level on the SOAFL pulse-train. As a result, the DC level abruptly enlarges at RHML order large than 7, whereas the pulse amplitude exponentially attenuates with increasing RHML order, as shown in Fig. 2 . The SOA gain cannot be completely depleted if the "on" level of the dark-optical-comb injection is insufficiently high, such that the residual gain exists at "off" state of the SOA within one injection modulation period and inevitably leads to continuouswave lasing of SOAFL with an increasing DC/pulse amplitude ratio. In our case, the best operation relies on increasing the "on" state dark-optical-comb injection power until the SOA gain can be fully depleted, which introduces a largest on/off modulation depth for achieving the best HML. However, the condition is slightly different for the RHML case as the n th RHML pulse can only experiences the SOA gain deviating from its peak value after circulating several round-trips. The RHML pulse-train will inevitably suffer a decreased modulation depth and result in broadened pulsewidth with increasing RHML order. To clarify the evolution of the RHML mechanism in the SOAFL without the effect of detecting bandwidth limit, the contributions of CW lasing and RHML component are further compared by calculating the ratio of CW lasing to mode-locked pulse power from photodetector current, as shown in Fig. 3 . It is clearly indicated that the SOAFL gradually transfers from RHML to CW lasing regime with increasing RHML order. The contribution of CW lasing power can remain within 20% at RHML order of less than 12, however, which become greater than 50% as the RHML order goes up to 20. The existence of such a large DC component with the evidence of CW lasing mode obtained from the optical spectrum has elucidated the dominated contribution of CW lading in the SOAFL at RHML order as high as 20. Moreover, we have compared the mode-locking strength as a function of RHML order by calculating the pulse shortening force, which is defined as the ratio of peak second-harmonic generation (SHG) signal of autocorrelation trace to the square of fundamental average power (i.e. I pulse /P avg 2 ). Such a pulse shortening force is treated as a figure of merit for discriminate the RHML capability of SOAFL, which is a generally used tool to monitor and investigate the build-up dynamics of mode-locking mechanism. For example, the I pulse /P avg 2 ratio of the SOAFL shown in right part of Fig. 3 is greatly reduces from 0.9 to 0.05 as the rational harmonic mode-locking order increases to 20, which interprets that the rational harmonic mode-locking is likely degraded into a small-signal modulation carried on the envelope of a fundamental frequency pulse-strain at the SOAFL output. A higher I pulse /P avg 2 ratio as well as a more complete mode-locking is thus expectable with a better SHG efficiency, essentially demonstrating competitive nature between RHML and gain switching mechanisms in SOAFL. Furthermore, the phenomenon of a weak gain depletion in the RHML-SOAFL will result in a large residual SOA gain and a high level DC amount at time domain for >7 th order RHML conditions, and the 7 th order RHML will be the threshold for the transfer of a broadband gain spectra into a narrow CW lasing linewidth. Figure 4 illustrates the RHML-SOAFL spectra corresponding to the harmonic mode locking (HML) and RHML conditions. In comparison, the HML case has a more broadened spectrum with its 3dB linewidth of 12 nm, whereas the spectral linewidth gradually shrinks to 5 nm at 7 th RHML order and further decreases to below 3 nm as the RHML order increases up to 20. In the analysis of gain peak at different RHML orders, the gain peak position of RHML-SOAFL is strongly dependent on the amount of the optical feedback in the cavity. Operating the SOAFL at higher RHML orders removes the gain peak and compresses the gain profile of the RHML-SOAFL associated with its wavelength slightly red-shifted to the CW lasing condition. Our experimental observation supports that the ambit of SOAFL red-shifted wavelength from 1535.5 to 1541.5 nm. For these reasons, we conclude and ensure that the RHML mechanism of the SOAFL at high-gain modulation condition will be gradually switched into strong CW lasing and weak modelocking as the RHML order increases from 7 th to 20 th order, and the CW lasing mechanism benefits more advantage than RHML mechanism from increasing RHML orders, and the spectra of RHML-SOAFL were fixed at 1541 nm (coincident with that obtained at CW lasing condition). The evolution will reveal the degradation of the mode-locked mechanism at higher RHML orders. To realize the evolution of the pulse waveform with increasing RHML order, the autocorrelation traces of the RHML-SOAFL at different RHML orders are characterized. RHML orders gradually changes the pulsewidth from 13.5 to 35 ps after fitting with standard Gaussian profile. In fact, the RHML pulse is still resolvable, however, the peak intensity of the auto-correlation trace is significantly attenuated and its shape is greatly broadened at RHML order of higher than 10. The broadening tendency of the RHML pulsewidth with increasing RHML order correlates well with the behavior of linewidth shrinkage, as shown in Fig. 4 . As the RHML order increases beyond 10, the DC/pulse amplitude ratio become Fig. 6 and 7, and it is a useful method to gauge the ability of HML and 20 th RHML in the SOAFL. Both of the mode-locked pulsewidth and peak power of the SOAFL at HML and RHML conditions are similar hyperbolic function of detuning frequency. The mode-locking condition with detuning range of ±30 kHz and ±0.3 kHz for the RHML-SOAFL are observed at harmonic and 20 th -order RHML, respectively. Apparently, the decreasing detuning capability of 20 th -order RHML case exhibits larger collapse than that of fundamental HML case. Nevertheless, the existence of detuning curve has also elucidated that the RHML at higher orders is less contributed to the lasing of SOAFL in comparison with fundamental HML in the SOAFL cavity. In particular, a tremendous chirp was raised with the mode-locking of the SOAFL due to the operation of SOA at such high biased condition. Since the extremely high gain of the SOA is depleted by the injected dark-optical comb at a very large duty cycle within one period, only a narrow gain window is left for mode-locking and the frequency chirp of the modelocked SOAFL pulse becomes extremely large in this condition. Such a chirp cannot be treated as a figure-of-merit for the mode-locking since the mode-locking quality is decided by the phase synchronization among all lasing longitudinal modes in the SOAFL, which can be characterized by the phase noise as well as the timing jitter of the mode-locked SOAFL but not concerned with the dispersion nature (linear and nonlinear dispersion characteristics) of the SOAFL itself. Consequently, the chirp characteristics of the fundamental HML and even the RHML cases in SOAFL were observed and analyzed. First of all, positive chirp for fundamental HML and various order of RHML. For this reason, the dispersion compensation fiber (DCF) is useful for overcoming the linear chirp of SOAFL at HML and RHML cases. Second, we compared the variations on the peak-to-peak frequency chirp value and the pulsewidth at fundamental HML and 20 th RHML with difference DCF lengths. In the case of fundamental HML condition, Figure 8 shows the best DCF length is about 65 m and the corresponded pulsewidth is 4.2 ps for the chirp decayed from 3.6 to 0.7 GHz and rising to 1.5 GHz at the variation range of DCF lengths from 10 to 75 m, and it was effectively resisted linear chirp component, and demonstrated 2.8 GHz linear chirp could be compensated at this strong injection and SOA was operated at such high biased condition. is reasonable and inevitable since the linear chirp effect is greatly attenuated when modelocking mechanism becomes incomplete due to the decreasing modulation depth at such high RHML orders. Meanwhile, decreasing chirp as increasing order of RHML indicates that the strong gain modulation for SOA within a unit time will form immense chirp value and result in the broader pulsewidth than one with weak gain modulation at higher order RHML. Moreover, the weak gain modulation at higher RHML order operation, the SOA will remain more gain when the RHML order is increasing, while the linear/nonlinear chirp is collapsed and the DC level is concurrently enhanced at time domain. In principle, the dynamic frequency chirp (Δω=-dφ/dτ) imposed on the output of SOAFL can be derived from the phase modulation, which is proportional to the carrier-induced transient variation on refractive index and gain of the SOA. In our work, the transient gain of the SOA under dark-optical-comb can be described as 
where α e , Γ, ν g , R sp and P(t) denote the linewidth enhancement factor, waveguide confinement factor, group velocity, and spontaneous emission rate, respectively. The above function can easily be separated into linear and nonlinear parts by expanding it into a Taylor series with terms of 0 1
As a result, the nonlinear chirp will be inevitably occurred in the dark-optical-comb injected SOA since the gain g(t) is a complex profile. Meanwhile, the chirp is a time-derivative Gaussian function under the dark-optical-comb injection. The variation on mode-locking spectral linewidth is also included in the term g 0 as described by
, where Δλ g is the mode-locking spectral linewidth gradually decreasing with the increasing RHML order due to the incomplete mode-locking procedure at higher RHML orders. In order to demonstrate the relationship of RHML order and frequency chirp, we also analyze the difference between linear and nonlinear chirps of the RHML-SOAFL at original and DCF compensated conditions, as shown in Fig. 10 . It is observed that the linear/nonlinear chirp difference for both the original and DCF compensated RHML-SOAFL is rapidly reduced as the RHML increases from 8 th to 20 th order, such a variation on the decreased ratio of linear and nonlinear chirp is treated as a direct evidence to prove the degradation of intra-cavity gain modulation as well as mode-locking mechanism with increasing RHML order. Only a tiny high-order chirp component is left after DCF based dispersion compensation of the RHML-SOAFL under a weak gain modulation condition at RHML order >8 th . For the dark-optical-comb injected SOAFL system operated at either the fundamental HML or the RHML mode, the second-order chirp can be effectively suppressed after linear dispersion compensation with DCF, whereas there is still a part of nonlinear chirp of about 0.3 GHz left in the pulse belonging to the high-order dispersion feature of the SOAFL. The high-order dispersion could be attributing to complex index of refractive change within the gain spectrum of the SOAFL system when driven at high-gain modulation, which cannot be eliminated by simply adding a segment of optical fiber with opposite dispersion nature. A nonlinear dispersion compensation employed by such as soliton compression could thus be mandatory for such a dark-optical-comb injection induced RHML-SOAFL at highgain condition and high RHML orders. ,
where Ψ and Ω denote as the phase and angular frequency of the RHML SOAFL pulse. For pulses with same spectral bandwidth, a larger chirp indicates broader pulse duration with larger TBP value. The dark-optical-comb injected RHML-SOAFL system with a broader spectral bandwidth will definitely result in larger TBP value rather than a smaller TBP value, unless the dispersion property of the RHML-SOAFL pulse is carefully managed. Therefore, one can estimate the chirp value in unit of fs 2 rather than GHz, such that the decreasing chirp with increasing RHML order will be obtained. This also interprets well the reducing chirp behavior of the high-order RHML-SOAFL system shown in Fig. 10 . That is, the SOAFL is perfectly mode-locking with a broadband spectrum and largely chirped pulse at fundamental HML condition. However, the evolution on mechanism of such a system from RHML to CW lasing at higher RHML orders not only shrinks the spectral bandwidth, but also leads to a chirp reduction with increasing RHML order.
Conclusion
In summary, the variation on mode-locking parameters such as pulse shortening force, dynamic frequency chirp, and CW to mode-locking power ratio of the SOAFL from fundamental HML to 20 th -order RHML conditions by using a dark-optical-comb injection and detuning its repetition frequency are demonstrated. The evolution of the SOAFL from 1 st to 20 th -order RHML inevitably leads to a continuous-wave lasing, associated with degrading parameters such as reducing spectral linewidth from 12 to 3 nm, increasing DC/pulse amplitude ratio from 0.025 to 2.4, and degraded pulse-shortening-force from 0.9 to 0.05. Furthermore, at fundamental and highest RHML condition, we measure the dynamic frequency chirp of the RHML-SOAFL to distinguish the linear and nonlinear chirp after dispersion compensation. The chirp varies from 3.5 to 0.7 GHz with linear dispersion compensation and the residual chirp of compressed pulses are reduced from 0.7 to 0.2 GHz with corresponding RHML order from 1 st to 20 th . Meanwhile, the observed pulsewidths are 4.2 and 26.4 ps at harmonic mode locking and 20 th RHML orders, respectively. We discovered there is still a part of nonlinear chirp component which cannot be removed after linear compensation, and the high-order dispersion almost dominates the whole alterations of chirp after RHML order >8 th .
